Effective magnetoelectric effect in multicoated circular fibrous multiferroic composites
Predicting effective magnetoelectric response in magnetic-ferroelectric composites via phase-field modeling Magnetoelectric (ME) composites of magnetic and ferroelectric materials offer advantages over most single-phase ME materials due to their strong ME coupling effect at room temperature and great design flexibility. [1] [2] [3] [4] [5] The ME effect in such composites is normally understood as a product property of piezoelectricity in ferroelectrics and piezomagnetism in magnets, 6 leading to an electric polarization excited by a weak ac magnetic field (with either low or high frequencies) oscillating in a dc bias magnetic field, i.e., the direct ME effect, or conversely, a modulation of magnetization upon dc or ac electric fields. Among them, the direct ME effect has been extensively studied in various ME composites since the early 1970s 1 and can be potentially used to develop highly sensitive magnetic field sensors, 7-9 electric current probes, 10 novel ME read heads, 11 and energy harvesters. 12 Theoretical approaches for such direct ME effect include the early parallel-series type model, 13 the Green's function technique (multiple-scattering approach), 6, 14, 15 micromechanical models [16] [17] [18] and the Landau-Ginzburg-Devonshire thermodynamic theory. [19] [20] [21] [22] [23] Although powerful, these continuum media methods are not capable of describing the spatial distribution of electric polarization, magnetization, and elastic fields upon applying an external magnetic field. Such mesoscopic insights, however, can provide more explicit guidelines for the improvement of the overall ME responses based on a deeper understanding of the microstructure-property correlation.
In this Letter, based on a phase-field model [24] [25] [26] [27] [28] [29] [30] [31] coupled with constitutive equations, we can simulate both the effective ME coupling coefficients and the local distributions of electric polarization (i.e., ferroelectric domains) for bulk ME composites with magnetic inclusions in a ferroelectric matrix. The obtained ME coefficients are compared with existing results calculated by the Green's function approach. 6 Influences of several parameters including the phase fraction and aspect ratio of the magnetic inclusions on the ME coefficient were investigated.
Let us consider a typical two-phase bulk ME composite with periodically aligned cuboid-shaped CoFe 2 O 4 (CFO) inclusions embedded in a BaTiO 3 (BTO) matrix, as shown in Fig. 1 . In particular, by changing the aspect ratio r ¼ c=a of the CFO cuboids, the 2-2 type laminate (r < 0:05), 0-3 type (0:05 r < 10) particulate, and 1-3 type (r ! 10) rod ME composites can be described, 6 where each number denotes the connectivity of each phase, 32 as illustrated in
As an example, uniform spontaneous magnetization M s and polarization P s (magnetic and ferroelectric singledomains) along the out-of-plane axis are assumed for the CFO and BTO phases, respectively. Therefore, it is expected that it exhibits longitudinal magnetoelectric effect 6 based on the cross-product of the piezomagnetic and piezoelectric effects. In this case, relations between the stress r, strain e, electric displacement D, electric field E, magnetic induction B, and magnetic field H can be described by the following linear constitutive equations, 6 i.e.:
and
for the CFO and BTO phases, respectively. Here, c, j 0 , j r , l 0 , and l r denote the elastic stiffness, dielectric permittivity of vacuum, relative dielectric permittivity, magnetic permeability of vacuum, and relative magnetic permeability, a)
Author to whom correspondence should be addressed. respectively. e and q are the piezoelectric and piezomagnetic coefficient tensors, respectively. The superscript T denotes the transpose of a tensor matrix, while presuperscripts m and e denote the constants of CFO (magnetic) and BTO (ferroelectric) phases, respectively. The room-temperature (T ¼ 298 K) material constants are listed in Refs. 33-36. The direct ME coupling coefficient in ME composites can be extracted from the linear field-dependence under a relatively small applied magnetic field, 3 i.e.,
Note that the magnetoelectric coefficient tensor a in Eq. (3) is absent in both the magnetic and ferroelectric phases (Eqs. (1) and (2)). The microstructure (i.e., magnetic/ferroelectric domains, phase distribution) of the bulk ME composite can be conveniently described within the framework of the phase-field model. Three non-conserved order parameters are utilized, including a local magnetization field MðxÞ ¼ ðM 1 ; M 2 ; M 3 Þ, a local polarization field PðxÞ ¼ ðP 1 ; P 2 ; P 3 Þ, and a phase order parameter gðxÞ which describes the spatial distribution of the two phases, with gðxÞ ¼ 1 for the CFO phase and gðxÞ ¼ 0 for the BTO phase; x is the position vector herein. Furthermore, temporal evolution of both the local magnetization and polarization distributions can be described by the Allen-Cahn equation, 37 i.e.,
where L 1 and L 2 are kinetic coefficients related to evolution dynamics, and f is the local free energy density. Particularly, the formulation of the free energy density f in the present work is constructed based on previous phase-field models, 25, 28 such that by minimizing it following Eq. (4), the constitutive equations, Eqs. (1) and (2), could be automatically satisfied. The total free energy is given by
where f magnetic , f electric , and f elastic are the magnetic, electric, and elastic energy, respectively, expressed as
where summation conventions over i; j; k; l ¼ 1; 2; 3 (or i; j; k; l ¼ 1 À 6 where a Voigt notation is adopted) are employed. l r r , j r r , c M , and c P are the stress-free relative magnetic permeability, stress-free relative dielectric permittivity, constant magnetization elastic stiffness, and constant polarization elastic stiffness, given by , and E d are the external magnetic, demagnetization, external electric, and depolarization fields, respectively. e 0 is the stress-free or phase transformation strain, which can be calculated as
The demagnetization field H d and the depolarization field E d for the given distributions of magnetization and polarization are calculated by numerically solving the magnetostatic and electrostatic equations under periodic boundary conditions, i.e., are given in Refs. 38 and 39. The elastic field is obtained by solving the mechanical equilibrium equations
using an iteration method developed for materials with elastic inhomogeneity 40, 41 based on Khachaturyan's microelasticity theory. 42 Note that a 3 Â 3 strain tensor e kl is used in Eq. (11), while the Voigt notation is adopted elsewhere for simplicity. A clamped elastic boundary condition is employed, i.e., no macroscopic shape deformation happens for the composite materials during evolution.
The basic building block of the ME composites [see Fig. 1(a) ] is discretized into a three-dimensional array of cubic grid cells, i.e., n 1 Dl Â n 2 Dl Â n 3 Dl, where n 1 , n 2 , and n 3 denote the numbers of grid cells along the x 1 , x 2 , and x 3 axes, respectively, with a total grid cell number of around n 1 n 2 n 3 ¼ 300 000; Dl is the size of each grid in the real space. By properly choosing the grid numbers along each cubic axis and allocating the grid cells for BTO and CFO regions, systems with different aspect ratios r and phase fractions V f of the CFO inclusions can be modeled. Dl is taken as 2.5 nm, corresponding to a total system size of n 1 Dl Â n 2 Dl Â n 3 Dl ¼ 4 500 000 nm 3 . In this case, the lateral size of the CFO inclusions, e.g., a ¼ 28.2 nm for r ¼ 100 and V f ¼ 0.5, would be comparable to experiments (i.e., 20-30 nm, Ref. 43) . Through solving Eq. (4) using the forward Euler method, 44 the magnetization and polarization distributions responsive to a given external field are obtained, and the effective direct ME response of the composite can then be calculated upon local magnetization/polarization/ strain fields achieving an equilibrium.
Figures 2(a)-2(c) show the equilibrium spatial distributions of the local strain and polarization fields in the 0-3 type, 2-2 type, and 1-3 type CFO-BTO composites, respectively, in response to an external magnetic field along the positive x 3 axis, i.e., H ext 3 ¼ 100 A=m. The volume fraction of the CFO phase V f is fixed at 0.5. Upon this field, the magnetic CFO phase would expand in the x 1 -x 2 plane [see the strain distributions of e 2 (¼e 1 ) on the left of Figs. 2(a)-2(c)] due to its positive piezomagnetic coefficient q 32 ð¼ q 31 Þ, which leads to a compression near the contact region of the ferroelectric BTO phase in the lateral direction (denoted as region 1), i.e., a negative strain e 2 (¼e 1 ), due to zero shape deformation in the whole composite under the clamped elastic boundary condition. Accordingly, such in-plane compressive strains in the BTO phase induce a positive longitudinal polarization P 3 due to its negative piezoelectric coefficient e 32 33 . It compresses its intimately contacted BTO phase region in the longitudinal direction (denoted as region 2), i.e., a negative e 3 , and thus induces a negative P 3 in region 2 as e 33 > 0.
Hence, the average polarization response P 3 of the composite is determined by the competition between the lateral and longitudinal regions. For the laminated 2-2 type composites with a small r [see Fig. 2(b) for the case of r ¼ 0.02], the BTO phase is dominated in volume by the longitudinal region 2, leading to an overall negative P 3 as discussed above. However, the magnitude of P 3 is small in such laminate geometry due to the strong longitudinal depolarization and demagnetization effect [Eq. (10)]. For 0-3 type composites [see Fig. 2(a) for the case of r ¼ 1], the BTO phase is composed of region 1 and region 2 with comparable volumes. However, the contribution from the lateral region 1 is dominant due to the stronger depolarization in the longitudinal region 2, and therefore, the composite exhibits a positive P 3 . It also shows a larger magnitude than that in laminated composites due to the enhanced value of both the strain e 2 and e 3 ( Fig. 2(a) ) from the reduced longitudinal demagnetization (and therefore a larger M 3 ) in such particulate ME composites. Finally, in the 1-3 type ME composites with an even larger aspect ratio r [¼10 in Fig. 2(c) ] for the CFO rod, the volume of the lateral region 1 becomes dominant, leading to a positive P 3 . The greatly reduced longitudinal depolarization and demagnetization effects in such vertical geometry further enhance the magnitude of this positive P 3 , indicating a very strong ME coupling.
With these magnetic-field-induced polarization distributions in mind, the effective direct ME coefficient a ij (in the unit of s/m) can be easily calculated following the constitutive equations (Eq. (3)), expressed as For illustration, Figure 3(a) presents the effective ME coefficient a 33 of CFO-BTO composites with a fixed CFO phase fraction V f ¼ 0.5 as a function of the aspect ratio r. The composite shows a small and negative a 33 at a low r below 0.05 (2-2 type). As aspect ratio increases, a 33 undergoes a sign change and then increases significantly at r > 1, indicating a reversal of the net longitudinal polarization P 3 from downward to upward direction as discussed above. Moreover, the effective ME voltage coefficient a E33 (in the unit of mV cm À1 Oe À1 ) can be written as a E33 ¼ Àa 33 = j 0 j r33 ð Þ : The relative dielectric permittivity j r of the composite can be calculated following Eq. (3) 
We employ a small electric field E ext 3 ¼ 50 V/cm along the positive x 3 axis. Dependences of the effective a E33 and j r33 on the aspect ratio r are shown in Fig. 3(b) and its inset, respectively. As seen, the composite shows a dielectric permittivity starting from a small j r33 ¼ 48 for r ¼ 0.01. The dielectric constant is greatly enhanced with an increasing r to a large j r33 ¼ 682 for r ¼ 200, which can be explained in the context of an equivalent serial circuit of the low-capacitance CFO and the high-capacitance BTO for the 2-2 laminated geometry gradually changing to an equivalent parallel circuit for the 1-3 rod geometry. As a combined property of a 33 and j r33 , the ME voltage coefficient a E33 is positive in the laminated composites (r < 0.05), undergoes a sign change at around r ¼ 0.05 (belonging to 0-3 particulate composites), and then increases remarkably on increasing r in 0-3 (0:05 r < 10) particulate and 1-3 (r ! 10) rod composites.
Besides the ME response, the piezoelectric and piezomagnetic properties of the composite can also be obtained by examining the induced average polarization and magnetization upon imposing a uniaxial net strain e j (taken as 0.01% herein), i.e., e ij ¼ P i =e j and q ij ¼ l 0 M i =e j . Shown in Figs. 3(c) and 3(d) are the variations of the longitudinal piezoelectric coefficient e 3i (i ¼ 1; 3) and piezomagnetic coefficient q 3i (i ¼ 1; 3) with the aspect ratio r. Both coefficients gradually increase with an increasing r, indicating a higher longitudinal piezoelectric and piezomagnetic coupling in the 1-3 rod composites, which would allow a stronger elastic interaction across the CFO/BTO interface and hence a larger direct ME effect. By contrast, the average longitudinal polarization P 3 and magnetization M 3 in the 2-2 laminated composites would be suppressed by large longitudinal depolarization and demagnetization fields, respectively, leading to smaller piezoelectric and piezomagnetic coefficients and a weaker direct ME coupling.
We further study the influence of the phase fraction V f on the direct ME coefficient, as shown in Fig. 4(a) . The obtained results agree well with previous predictions based on Green's function approach 6 in CFO-BTO composites with ellipsoidal CFO inclusions. As can be seen, for all aspect ratios studied, the direct ME coefficient a 33 , which is zero in the single CFO and BTO phases (i.e., V f ¼ 1 and 0), emerges in the composite and reaches a maximum at a certain phase fraction. For instance, the maximum value of a 33 at r ¼ 100 is about 2.81 Â 10 À9 s/m at V f % 0.59 ( Fig. 4(a) ). To better understand this, the elastic interaction between the BTO and CFO phases is examined. For the clamped case studied, the average field-induced strain in the CFO and BTO phases, i.e., m e and e e, would be related as V f m e ¼ À 1 À V f ð Þ e e, where V f m e could be considered as the average strain transferred across the CFO/BTO interface, i.e., the strength of the elastic interaction. As an example, Figure 4(b) shows the V f m e as a function of V f in composites with different aspect ratios r. The maximum V f m e 1 appears at medium phase fractions (e.g., V f % 0.59 for r ¼ 100), where both m e and e e can reach a relatively large value and hence ensure the largest ME coupling coefficient a 33 ( Fig. 4(a) ).
It is also worth noting that the phase fraction V f for the maximum a 33 gradually shifts towards the CFO-rich side (i.e., V f > 0.5) from 0.59 to 0.74 as the aspect ratio r decreases from 100 to 1 [see Fig. 4(a) ]. This is because higher volume fractions V f would be required to compensate the shrinking area of contact interface in the cases of 0-3 particulate composites compared to the relatively large interface area in the 1-3 rod composites, such that the transferred field-induced strain can remain at a high value.
On the other hand, the effective longitudinal dielectric constant j r33 rapidly decreases with increasing CFO phase fraction V f (Fig. 4(c) ) due to the much smaller dielectric permittivity of the CFO while it demonstrates a V f dependence characteristic of an equivalent serial circuit of the low-capacitance CFO and the high-capacitance BTO for the 2-2 type structure (r ¼ 0) and of an equivalent parallel circuit for the 1-3 type structure (r ¼ 100). Figure 4(d) shows the effective ME voltage coefficient a E33 as a function of CFO phase fraction V f . As shown, the strongest ME voltage response emerges in heavily CFO-rich side where j r33 is small. For example, the largest a E33 is obtained as À783 mV=ðcm OeÞ at V f ¼ 0.93 and r ¼ 100.
In summary, a phase-field model coupled with constitutive equations has been developed to investigate the direct ME coupling in bulk multiferroic magnetic-ferroelectric composites. It provides a detailed examination of the composites that go from the mesoscopic modeling of the local polarization/elastic field distributions (domains) to the predictions of effective magnetoelectric response within the context of the continuum media theory under a periodic boundary condition. These functional properties have proven to be strongly dependent on several microstructural factors of the composites, including the phase fraction and phase connectivity. Such a simple phase-field based multi-scale approach should also have broad potential applications in predicting various effective properties, such as the piezoelectric, 45 piezomagnetic, 46 dielectric, 47 and elastic 48 responses, in composite materials, which are directly deduced from the response of the complex microstructure to external fields. This model can also be extended to include non-linear contributions to the effective properties, e.g., from domain wall motion, by incorporating magnetic exchange energy 38 and ferroelectric gradient energy 25, 49 in total free energy to describe magnetic and ferroelectric domain walls, respectively.
